For a Dynkin quiver Q of type ADE and a sum β of simple roots, we construct a bimodule over the quantum loop algebra and the quiver Hecke algebra of the corresponding type via equivariant K-theory, imitating Ginzburg-Reshetikhin-Vasserot's geometric realization of the quantum affine Schur-Weyl duality. Our construction is based on HernandezLeclerc's isomorphism between a certain graded quiver variety and the space of representations of the quiver Q of dimension vector β. We identify the functor induced from our bimodule with Kang-Kashiwara-Kim's generalized quantum affine Schur-Weyl duality functor. As a by-product, we verify a conjecture by Kang-Kashiwara-Kim on the simpleness of some poles of normalized R-matrices for any quiver Q of type ADE.
Introduction
For a fixed pair (n, d) of positive integers, we have the two fundamental objects: the Lie algebra sl n+1 of type A n and the symmetric group S d . The natural (sl n+1 , S d )-bimodule structure on the tensor power (C n+1 ) ⊗d produces a close relationship between their representation theories. This is known as the classical Schur-Weyl duality and has many interesting variants.
The quantum affine Schur-Weyl duality is a variant involving the quantum affinizations: the quantum loop algebra U q (Lsl n+1 ) and the affine Hecke algebra H af d (q) of GL d . In the followings, we always assume q ∈ C × is not a root of unity. Here we equip the tensor power V ⊗d of the natural representation
] of U q (Lsl n+1 ) with a commuting right action of H af d (q 2 ) using the R-matrices. Chari-Pressley [2] proved that the induced functor
M gives an equivalence of suitable subcategories of finite-dimensional modules.
where horizontal arrows denote the bimodule structures.
There is a generalized version of the quantum affine Schur-Weyl duality due to Kang-Kashiwara-Kim [10] . This is attached to a pair (Q, β) of a Dynkin quiver Q of type ADE and a sum β = i d i α i of simple roots, instead of the pair (n, d) in the previous paragraphs. Let U q (Lg) be the quantum loop algebra of the complex simple Lie algebra g whose Dynkin diagram is the underlying graph of Q. We replace H af d (q) with the quiver Hecke algebra H Q (β) associated with (Q, β), or its completion H Q (β) along the grading. The quiver Hecke algebra H Q (β) is regarded as a generalization of the affine Hecke algebra H af d (q 2 ) from the viewpoint of the categorification of the quantum group. Inspired by the work of Hernandez-Leclerc [9] , Kang-Kashiwara-Kim [10] constructed a certain U q (Lg)-module V ⊗β equipped with a commuting right action of the algebra simple isomorphism classes. More recently, the author [6] proved that it actually gives an equivalence of categories using the notion of affine highest weight category.
In this paper, we give a geometric realization of the bimodule V ⊗β imitating Ginzburg-Reshetikhin-Vasserot's realization. Here, the nilpotent cone N d is replaced by the space E β of representations of the quiver Q of dimension vector β. A linear algebraic group G β := i GL di (C) naturally acts on E β . Instead of the Springer resolution F d → N d , we consider the proper morphism F β → E β introduced by Lusztig to construct the canonical basis of the quantized enveloping algebra. Varagnolo-Vasserot [20] proved that the quiver Hecke algebra H Q (β) is isomorphic to the convolution algebra of the equivariant Borel-Moore homology H G β * (Z β , C), where Z β := F β × E β F β . After completion, it is isomorphic to the completed complexified equivariant K-group K G β (Z β ) C . For the U q (Lg)-side, we consider a canonical G β -equivariant proper morphism M
between certain graded quiver varieties. By Nakajima [16] , we have an algebra homomorphism Φ β :
The key of our construction is a G β -equivariant isomorphism M • 0,β ∼ = E β due to Hernandez-Leclerc [9] . This allows us to form the intermediary fiber product M • β × E β F β .
Theorem 1.1 (=Theorem 4.6, see also Remark 4.8). There is an isomorphism
such that the following diagram commutes (up to a twist):
where the horizontal arrows denote the bimodule structures.
Actually, our geometric construction of the H Q (β)-action is independent of that of [10] , which shares the same characterization of the actions. Therefore, their comparison yields: Theorem 1.2 (=Corollary 4.7). Kang-Kashiwara-Kim's conjecture [10, Conjecture 4.3.2] on the simpleness of poles of normalized R-matrices is true for any quiver Q of type ADE.
Besides, a discussion involving geometric extension algebras yields another proof of the equivalence H Q (β)-mod fd ≃ C Q,β given by the bimodule without using affine highest weight categories (Theorem 4.9). We would also remark that we do not use the results from [10] , [11] for our proofs.
The present paper is organized as follows. In Section 2, we recall the definition of graded quiver varieties M ∼ = E β . In Section 3, we study the convolution algebra
and recall its relation to the quiver Hecke algebra H Q (β) (resp. the quantum loop algebra U q (Lg)). In the final section 4, we study the structure of the bimodule
While the author was writing this paper, there appeared a preprint by OhScrimshaw [18] in arXiv that also proves Theorem 1.2 by a different approach. They compute denominators of normalized R-matrices for type E explicitly with a computer.
Acknowledgment. The author thanks Syu Kato for helpful discussions and comments. He also thanks Ryosuke Kodera for suggesting him to study the geometric realization of the generalized quantum affine Schur-Weyl duality.
Convention. An algebra A is associative and unital. We denote by A op (resp. A × ) the opposite algebra (resp. the set of invertible elements) of A and by A-mod the category of left A-modules. We always work on the base field C of complex numbers. The symbol ⊗ (resp. Hom) stands for ⊗ C (resp. Hom C ) if there is no other clarification. If A is a C-algebra, we denote by A-mod fd the category of finite-dimensional left A-modules.
2 Hernandez-Leclerc's isomorphism
Notation
Throughout this paper, we fix a finite-dimensional complex simple Lie algebra g of type ADE and a quiver Q = (I, Ω) whose underlying graph is the Dynkin diagram of g, where I = {1, 2, . . . , n} (resp. Ω) is the set of vertices (resp. arrows). For an arrow h ∈ Ω, let h ′ , h ′′ ∈ I denote its origin and goal respectively. We write i ∼ j (resp. i → j) if there is an arrow h ∈ Ω such that {i, j} = {h
. Then the Cartan matrix (a ij ) i,j∈I of g is given by
Let P ∨ = i∈I Zh i be the coroot lattice of g. The fundamental weights {̟ i } i∈I form a basis of the weight lattice P = Hom Z (P ∨ , Z) which is dual to {h i } i∈I . Let α i = j∈I a ij ̟ j be the i-th simple root and Q = i∈I Zα i ⊂ P be the root lattice. We put P + = i∈I Z ≥0 ̟ i and Q + = i∈I Z ≥0 α i . The Weyl group is a group W of linear transformations on P generated by the set {r i } i∈I of simple reflections, which are given by r i (λ) := λ − λ(h i )α i for λ ∈ P. The set R + of positive roots is defined by R + = (W {α i } i∈I ) ∩ Q + .
Representations of Dynkin quiver
For an element β ∈ Q + , we fix an I-graded C-vector space D = i∈I D i such that dim D := i∈I (dim D i )α i = β. Let us consider the space
of representations of the quiver Q of dimension vector β. On the space E β , the group G β := i∈I GL(D i ) acts by conjugation. The set G β \E β of G β -orbits is naturally in bijection with the set of isomorphism classes of representations of the quiver Q of dimension vector β. By Gabriel's theorem, for each α ∈ R + there exists an indecomposable representation M α such that dim M α = α uniquely up to isomorphism. The correspondence α → M α gives a bijection between the set R + of positive roots and the set of isomorphism classes of indecomposable objects of the category Rep Q of finite-dimensional representations of Q. Hence, the set KP(β) :
of Kostant partitions of β labels the set of G β -orbits:
, where for each m = (m α ) ∈ KP(β), the G β -orbit O m corresponds to the isomorphism class of the representation α∈R + M ⊕mα α
. We have the natural G β -orbit stratification
Repetition quiver
We fix a height function ξ : I → Z; i → ξ i of the quiver Q i.e. it satisfies ξ i = ξ j + 1 if i → j. Such a function ξ is determined up to adding a constant. Choose a total ordering I = {i 1 , i 2 , . . . , i n } such that ξ i1 ≥ ξ i2 ≥ · · · ≥ ξ in and consider the corresponding Coxeter element c = r i1 r i2 · · · r in ∈ W . The repetition quiver Q = ( I, Ω) is an infinite quiver defined by
It is well-known (cf. [8] ) that there exists an isomorphism φ from the AuslanderReiten quiver of the derived category D b (Rep Q) to the repetition quiver Q, which depends on the choice of ξ and is described as follows. Since each indecomposable object of
we have a bijection on the sets of vertices
which we denote by the same symbol φ. This bijection φ : R + × Z → I is determined inductively as follows:
• For each i ∈ I, we put γ i := j α j where j runs all the vertices j ∈ I such that there is a path in Q from j to i. Then M γi is an injective hull of the 1-dimensional representation M αi . We define φ(γ i , 0) := (i, ξ i );
• Inductively, if φ(α, k) = (i, p) for (α, k) ∈ R + × Z, then we define as:
In the followings, we only consider the restriction of the bijection φ on R + = R + × {0}, which we denote by the same symbol, i.e. we define φ(α) := φ(α, 0) for α ∈ R + .
Graded quiver varieties
For elements ν = i∈I n i α i ∈ Q + and λ = i∈I l i ̟ i ∈ P + , we fix I-graded
We form the following space of linear maps:
On the space M(ν, λ), the groups G(ν) := i∈I GL(V i ), G(λ) := i∈I GL(W i ) act by conjugation and the 1-dimensional torus C × acts by the scalar multiplication on the vector space. We write an element of M(ν, λ) as a triple (B, a, b) of linear maps B = B ij , a = a i and b = b i . Let µ = i∈I µ i : M(ν, λ) → i∈I gl(V i ) be the map given by
st be the set of stable points, on which G(ν) acts freely. Then we consider a set-theoretic quotient
It is known that this quotient has a structure of a non-singular quasi-projective variety which is isomorphic to a quotient in the geometric invariant theory. We also consider the affine algebro-geometric quotient
together with a canonical projective morphism M(ν, λ) → M 0 (ν, λ). These quotients M(ν, λ), M 0 (ν, λ) naturally inherit the actions of the group G(λ) := G(λ)×C × , which makes the canonical projective morphism into a G(λ)-equivariant morphism.
For ν, ν
. With respect to these embeddings, the family {M 0 (ν, λ)} ν∈Q + forms an inductive system, which stabilizes at some ν ∈ Q + . We consider the union (inductive limit) and obtain the following combined G(λ)-equivariant morphism:
We denote the fiber π
Next we consider a free abelian monoid P + = Z ≥0 I with the free generating set I. Define a homomorphism cl :
and consider the subvarieties of T (λ)-fixed points:
We refer these varieties as the graded quiver varieties. We put
which naturally acts on the varieties
Hernandez-Leclerc's isomorphism
Let P + 0 ⊂ P + be the submonoid generated by the subset φ(R + ) ⊂ I. For an element β :
For each i ∈ I, we identify the vector space D i in Subsection 2.2 with the vector space W φ(αi) in Subsection 2.4. This induces the identification
We equip an action of the group G β on the space E β via the projection
Henceforth, we identify the graded quiver variety M
• 0,β with the space E β under the isomorphism in Theorem 2.1.
Next we consider fibers of the
we regard KP(β) as a subset of P + 0 . Then we have a disjoint union decomposition (1) We have an isomorphism π
(2) The maximal reductive quotient of the stabilizer Stab
(3) The isomorphism in (1) induces the following commutative diagram:
where the vertical arrows are the action maps and the lower horizontal arrow is the canonical quotient map in (2).
3 Convolution and geometric extension algebras
Preliminary on equivariant geometry
Let G be a complex linear algebraic group. A G-variety X is a quasi-projective complex algebraic variety equipped with an algebraic action of the group G. We set pt := Spec C with the trivial G-action. The equivariant K-group K G (X) is defined to be the Grothendiek group of the abelian category of G-equivariant coherent sheaves on X which is a module over the representation ring R(G) = K G (pt). We denote the complexifications by
Let I ⊂ R(G) C be the augmentation ideal, i.e. the ideal generated by virtual representations of dimension 0. We define the I-adic completions by
The completed K-group K G (X) C is a module over the algebra R(G) C . On the other hand, the G-equivariant Borel-Moore homology with complex coefficients H
is a module over the G-equivariant cohomology ring H *
relative to M . We simply write ch
is obvious from the context. When X = M = pt, the corresponding Chern character map induces an isomorphism of C-algebras
We identify H
For a G-equivariant vector bundle E on a non-singular M , let Td
∧ be the G-equivariant Todd class. This is an invertible element with respect to the cup product. For the tangent bundle T M of M , we put Td
Theorem 3.1 (Equivariant Riemann-Roch [5] ). For i = 1, 2, let X i be a Gvariety which is a G-stable closed subvariety of a non-singular ambient G-variety
The following proposition is standard. 
Next we consider the convolution products. Let M i be non-singular Gvarieties for i = 1, 2, 3. We denote by p ij :
and Z 23 ⊂ M 2 × M 3 be G-stable closed subvarieties such that the morphism
is proper. Then we define the convolution product * :
This naturally induces the convolution product on the completed G-equivariant
Under the situation in the previous paragraph, for each (i, j) = (1, 2), (2, 3), (1, 3), we also define the G-equivariant Riemann-Roch homomorphism RR
By a completely similar discussion as in [4, 5.11 .11], we can prove the following.
Proposition 3.3. The G-equivariant Riemann-Roch homomorphisms are compatible with the convolution product, i.e. we have
Quiver Hecke algebra
Fix an element β = i∈I d i α i ∈ Q + and put d := i∈I d i . Let
The symmetric group S d of degree d acts on the set I β from the right by
Definition 3.4. The quiver Hecke algebra H Q (β) is defined to be a C-algebra with the generating set {e(i) | i ∈ I β } ∪ {x 1 , . . . , x d } ∪ {τ 1 , . . . , τ d−1 }, satisfying the following relations:
The quiver Hecke algebra H Q (β) is equipped with a Z-grading given by
Since the grading is bounded below (see [15, Theorem 2.5]), the completion
∧ inherits a natural structure of C-algebra. We recall the faithful polynomial right representation of H Q (β) from [15, Section 2.3]. We set
Theorem 3.5 (Khovanov-Lauda [15] ). The following formulas give a faithful right H Q (β)-module structure on the C-vector space P β :
where a ∈ P β and f
Replacing the polynomial ring C[x 1 , . . . , x d ] with the ring C[[x 1 , . . . , x d ]] of formal power series, we get the completion of the representation P β :
Varagnolo-Vasserot's realization
We consider the following two non-singular G β -varieties:
The G β -action on F β is defined so that the projections pr 1 : F β → B β and µ β := pr 2 : F β → E β are G β -equivariant. They decompose into connected components as
where we put
We fix a basis {v k } 1≤k≤d of the vector space D so that the set {v i,j } 1≤j≤di forms a basis of the vector space D i for each i ∈ I, where we put v i,j := v d1+···+di−1+j . Let H i ⊂ GL(D i ) be the maximal torus fixing the lines {Cv i,j } 1≤j≤di for each i ∈ I and set H β := i∈I H i ⊂ G β .
Let 
where the last isomorphism sends the 1st H β -equivariant Chern class of the line Cv w i (k) to the element x k 1 i . Thus we get an isomorphism
We consider the Steinberg type variety Z β := F β × E β F β associated with the morphism µ β : F β → E β . Its G β -equivariant Borel-Moore homology group H G β * (Z β , C) becomes a C-algebra with respect to the convolution product relative to F β × F β × F β . We identify the variety B β with the fiber product {0} × E β F β . Then the convolution product relative to {0} × F β × F β makes the space H
Let µ i denote the restriction of the proper morphism µ β : F β → E β to the component F i for i ∈ I β . We put
where C[dim F i ] is the trivial local system on F i homologically shifted by dim F i . By the decomposition theorem, we have
where IC m denotes the intersection cohomology complex associated with the trivial local system on the orbit
is a self-dual finite-dimensional graded vector space for each m ∈ KP(β). The vector space L m is known to be non-zero for all m ∈ KP(β) (see [14, Corollary 2.8] ). We consider the Yoneda algebra
in the derived category of G β -equivariant constructible complexes on E β . This is a Z-graded C-algebra whose grading is bounded below. By a standard argument (due to Ginzburg, see [4, Section 8.6]), we have an isomorphism of C-algebra
Note that this is not compatible with the Z-grading. Let L i (k) be the G β -equivariant line bundle on F i whose fiber at the point (
Theorem 3.6 (Varagnolo-Vasserot [20] ). There is a unique isomorphism of Z-graded C-algebras
which satisfies the following properties:
of the isomorphisms (3.4) and (3.3) sends the element e(i) (resp. x k e(i)) to the push-forward of the fundamental class [F i ] (resp. the 1st G β -equivariant Chern class of the line bundle L i (k)) with respect to the diagonal embedding
(2) We have the following commutative diagram:
where the lower horizontal arrow denotes the isomorphism induced from (3.2) and the vertical arrows denote the right module structures.
Remark 3.7. Because our convention of the flag variety B β differs from VaragnoloVasserot's [20] , we need a modification. Actually, our isomorphism (3.4) is obtained by twisting the original isomorphism [20] by the algebra automorphism on H Q (β) given by
Similarly to the case of the G β -equivariant Borel-Moore homologies, the
C -module with respect to the convolution products. For each i ∈ I β , we have
gives an isomorphism of C-algebras
where the middle arrow sends the element y k 1 i to the exponential e x k 1 i for 1 ≤ k ≤ d. Applying the equivariant Riemann-Roch theorem (=Theorem 3.1) to the inclusion B i ֒→ F i , we have
and hence the map (ch
is an isomorphism of R(G β ) C -modules. Summing up over i ∈ I β , we obtain an isomorphism of R(G β ) C -modules
Proposition 3.8. The Riemann-Roch homomorphism gives an isomorphism of R(G β ) C -algebras:
which makes the following diagram commute:
where the lower horizontal arrow denotes the isomorphism induced from (3.6) and the vertical arrows denote the right module structures.
Proof. By Proposition 3.3, the map RR
∧ is an algebra homomorphism and the diagram (3.7) commutes. To prove that the map RR
∧ is an isomorphism, it suffices to check that the equivariant Chern character map (ch G β )
, which is an invertible element. Because we have the connected component decomposition
we focus on a connected component
For each w ∈ S β w i ′ , we define a locally closed G β -subvariety 
Note that the map ch
for any k since again the variety Z k i,i ′ is an affine bundle over B i . Hence, by induction on k, we conclude that ch
Note that the isomorphism (3.3) induces an isomorphism between the completions:
As a summary, we have the following.
Corollary 3.9. We have the following isomorphisms of C-algebras:
3.4 Nakajima's homomorphism and the category C Q,β
Fix a complex number q ∈ C × which is not a root of unity. In this subsection, we consider the quantum loop algebra U q ≡ U q (Lg) with the quantum parameter q ∈ C × . The quantum loop algebra U q (Lg) is isomorphic to the level zero quotient of the quantum affine algebra U ′ q ( g) without the degree operator. We do not recall the definitions here. See e.g. [6] , [10] , [16] for the precise definitions of
Recall the quiver varieties with proper G(λ)-equivariant morphism π : M(λ) → M 0 (λ) for each λ ∈ P + (see Subsection 2.4). We consider the Steinberg type va-
) becomes a R(G(λ))-algebra with respect to the convolution product relative to M(λ)×M(λ)×M(λ). We identify the fiber L(λ) = π −1 (0) with the fiber product
] in the standard way. Specializing v ∈ A to q ∈ C × , we regard C as an A-algebra.
Theorem 3.10 (Nakajima [16] ). There exists a C-algebra homomorphism
such that the pull-back
is a cyclic U q (Lg)-module generated by an extremal weight vector
Remark 3.11. The module W(λ) is known to be isomorphic to the global Weyl module defined by Chari-Pressley [3] and also to the level 0 extremal weight module defined by Kashiwara [12] . In particular, if λ = ̟ i for some i ∈ I, the module W(̟ i ) is isomorphic to the affinization of the fundamental module W (̟ i ) (see [13] ).
Take an element λ ∈ P + with cl(λ) = λ and recall the 1-dimensional subtorus T (λ) ⊂ G(λ) ⊂ G(λ). We identify R(T (λ)) = A via the isomorphism
The corresponding specialization W(λ)/m λ W(λ) (known as the local Weyl module defined in [3] ) has a unique simple quotient L(λ) in U q -mod fd . Definition 3.12 (Hernandez-Leclerc [9] ). We define the category C Q (resp. C Q,β for each β ∈ Q + ) to be the minimal Serre full subcategory of the category U q -mod fd of finite-dimensional U q (Lg)-modules containing the simple objects {L(λ) | λ ∈ P + 0 } (resp. {L(m) | m ∈ KP(β)}), where P + 0 = β∈Q + KP(β) ⊂ P + is as in Subsection 2.5.
Remark 3.13. Let G be a linear algebraic group with Lie algebra g and N be the maximal unipotent subgroup N ⊂ G corresponding to the positive roots. Hernandez-Leclerc [9] proved that the category C Q is a monoidal subcategory and there is an isomorphism from the complexified Grothendiek ring K(C Q ) C to the coordinate ring C[N ], which sends the classes of simple objects to the elements of the dual canonical basis bijectively. Moreover, we have a block [6, 2.6] ). This decomposition corresponds to the weight decomposition
Now we fix an element β ∈ Q + . In Subsection 2.5, we defined the graded quiver variety M
by taking the fixed locus with respect to the action of the 1-dimensional torus T β ⊂ G β ⊂ G(λ). We form the Steinberg type variety Z
for any G β -variety X with a trivial T β -action. In particular, we have an isomorphism R(G β ) ⊗ A C ∼ = R(G β ) C of C-algebras, via which the maximal ideal r β ⊂ R(G β )⊗ A C corresponds to the augmentation ideal I ⊂ R(G β ) C . Therefore we have an isomorphism
8) where [·]
∧ r β denotes the r β -adic completion. We define the C-algebra homomor-
C as the following composition:
Theorem 3.14 ([6] Theorem 4.9). The pull-back along the homomorphism
The next proposition is a counterpart of Proposition 3.8.
Proposition 3.15. The Riemann-Roch homomorphism gives an isomorphism of R(G β ) C -algebras:
Proof. As in the proof of Proposition 3.8, it suffices to prove that the equivariant Chern character map (ch
Note that the G β -orbit stratification (2.1) yields a stratification of Z
• β :
is a closed subvariety of Z ≤k β and its complement is Z k β . By Proposition 2.2 and the reduction, we have
for each k. Then, using [16, Theorem 7.4 .1], we can prove that the equivariant Chern character map gives an isomorphism ch
for each k. Moreover, we obtain the following commutative diagram with exact rows for each k:
By induction on k, the equivariant Chern character map gives an isomorphism ch
We consider the proper push-forward
By the decomposition theorem, we have
,k is a finite-dimensional graded vector space, which is known to be non-zero for each m (see [16, Theorem 14.3.2] ). Similarly to the previous subsection, we have a standard isomorphism of C-algebras
which also induces an isomorphism between completions.
Corollary 3.16. We have the following isomorphisms of C-algebras:
4 Dynkin quiver type Schur-Weyl duality
An intermediary fiber product
We keep the notation in the previous sections. We fix an element β = i∈I d i α i ∈ Q + and put λ := cl(λ β ) ∈ P + . From the two G β -equivariant proper morphisms
More precisely, the convolution products give C-algebra homomorphisms
whose images commute with each other. In the rest of this subsection, we prove that this bimodule induces a Morita equivalence. For a moment, we focus on a component M
where pr 1 is the projection
Note that this depends on the choice of w i ∈ S d . We observe that
Therefore we get
Since the morphism π β : M • β → E β is the T β -fixed point locus of π : M(λ) → M 0 (λ), it is natural to consider the following subvariety of M(λ):
which turns out to be the tensor product variety introduced by Nakajima [17] . Since the subgroups T β and ρ i (C × ) commute with each other, we have
Using (4.1), (4.2) and the reduction, we obtain
Proposition 4.1. The G β -equivariant Chern character map gives an isomorphism:
Proof. Thanks to (4.3) and (4.4), it is enough to show that the H β -equivariant Chern character map ch
is an isomorphism. This latter assertion follows from a T β -fixed part analogue of [17, Theorem 3.10 . (1)].
The G β -equivariant Borel-Moore homology H C) )-bimodule by the convolution products, similarly to the case of K-groups. On the other hand, the Ext-
because IC m appears as a non-zero direct summand of both L β and L
• β for any m ∈ KP(β). Moreover, we have a standard isomorphism
Theorem 4.2. We have the following commutative diagram:
where each row denotes the bimodule structure defined above. In particular, the bimodule
Proof. The commutativity of the upper half (resp. lower half) of the diagram follows from Proposition 3.3 (resp. an equivariant version of [4, Theorem 8.6.7] ).
The left action of U q (Lg)
In this subsection, we fix i = (i 1 , . . . , i d ) ∈ I β and investigate the U q (Lg)-module structure of the pull-back Φ *
. We use the following notation. For each i ∈ I, we define λ i := cl(φ(α i )) = ̟ j and a i := q p if φ(α i ) = (j, p) ∈ I. Recall from Theorem 3.10 that we have 6) where z λi denotes the class of the 1-dimensional representation of G(λ i ) = C for any H β -variety X with a trivial T β -action. When X = pt, we have the following commutative diagram: 8) where the bottom horizontal arrow sends the element a 
Theorem 4.4. We have the following isomorphism of U q (Lg)-modules:
Proof. We know that there is an isomorphism of O i -modules:
We need to show that this isomorphism is a U q (Lg)-homomorphism. By construction, the following diagram of C-algebras commutes:
where the vertical arrows denote the restrictions to the maximal tori. Moreover, by [4, 5.2 .23], the following diagram also commutes:
where the horizontal arrows denote the convolution products. From these commutative diagrams, combined with the definition of Φ β and Theorem 4.3, we obtain the conclusion.
The right action of H Q (β)
Summarizing the discussion so far, we have obtained a (U q (Lg), H Q (β))-bimodule structure on the U q (Lg)-module
such that the following diagram commutes:
In this subsection, we describe the right action ψ :
Proposition 4.5. The highest weight space i∈I β O i v i ⊂ V ⊗β of weight λ is stable under the action of H Q (β). Moreover it is isomorphic to the completed polynomial representation P β .
Proof. Note that the connected component of the graded quiver variety M
T β corresponding to the highest weight space is M(0, λ) T β = pt and hence
as H Q (β)-module, where the last isomorphism comes from (3.2) and (3.6).
Henceforth, we modify the isomorphism of Todd classes defined in (3.5) for each i ∈ I β so that the isomorphism
in Proposition 4.5 above sends the element 1 i to v i , and sends the element x k 1 i to log(a
Now we recall the normalized R-matrices. For any pair (i 1 , i 2 ) ∈ I 2 , we simplify z k := z λi k for k = 1, 2. Then it is known that there is a unique (U q ⊗ C[z Let K i be the fraction field of the ring O i for each i ∈ I β . It is known that the U q ⊗ K i -module
is irreducible (cf. [1] , [13] , [19] ). For each w ∈ S d , the isomorphism is an irreducible U q ⊗ K i -module. For each i ∈ I β and 1 ≤ k < d, We define the following non-zero U q ⊗ K ihomomorphism
By the irreducibility, we have
Theorem 4.6. The right action of the quiver Hecke algebra H Q (β) on the space V ⊗β is given by the following formulas:
v · e(i ′ ) = δ i,i ′ v (4.12)
v · x k = log(a
otherwise, (4.14)
where v ∈ V ⊗i with i = (i 1 , . . . , i d ) ∈ I β .
Proof. The formulas (4.12) and (4.13) are clear by construction and Theorem 3.6 (1). Let us verify the formula (4.14). Let ψ : H Q (β) → End Uq ( V ⊗β ) op be the structure morphism. We fix an index i ∈ I β . Let τ
⊗i·s k K ) be the operator given by the RHS of (4.14). We should prove that τ In other words, it belongs to Hom Uq⊗ O i ( V ⊗i , ϕ * s k V ⊗i ). Therefore it extends to the operator on the localizations. Namely, we can regard
where the last isomorphism is (4.11). Then, we conclude that ∆(τ ′ k,i −ψ(e(i)τ k )) = 0 since we know that the non-zero vector v i is contained in the kernel. Thus we get τ ′ k,i = ψ(e(i)τ k ). Next we consider the case i k = i k+1 . In this case, the commutation relation between e(i)τ k and x l in H Q (β) shows that ψ(e(i)τ k ) ∈ End Uq⊗ O i ( V ⊗i , ϕ * s k V ⊗i ).
Therefore it extends to an element in Hom Uq⊗K i ( V 
